
S 331 Fall 2025 Today Knapsack

LCS
Lecture 6 9 15

trends

Palindromes

Gametheory

KnapsackIPartII.section3tn
Recall subset sum from last time

Input L list of a natural s Vffh
Mamma

VEN target value

Output True False SECD EaL i V

Key idea 20 memoization prefix x value



General strategy applies to integer constrained

optimization problems e.g Knapsack

Input W n natural s

BEN target value subset
sum

Output F SEED I Wei B

Input W n natural s weights
0 1

BEN weight budget
knapsack

V n real positive s values

Output Max Z VE
Seen

ies
Applications budget

IWC EB
ies

constrained decision

making problems



Before SC Cb can you hit target b

Jed beCB using first items

Intuition decision to take not take LG
affects remaining value must store

Now SC b Max value w weight

Jen be B budget b using first items

DP formula

SCA SC DCD subset

OR.SC DCSWCD Sum

SC Cb Max SC DCD O 1

VC SC 1 CbWED Knapsack



Also runs in OlaB time Crowby row

Extension Unbounded knapsack

You can take multiple copiesofany item

Goal maximize Ig Civ
i sit

CELI courts

EeCi Ni EB

Dp S b Max achievable w budget b

S b Max O MEG S b WCi ve
J web fYitemitoothins

Runtime OCB x OG OluB
subprobs tiffs



L tcommonsubseqvencpartISecton4lt
Strings R universe

eg a b z Ii 0

TE
String of length n ordered list of h

Characters from R algorithms

E a l mi's

substring contiguous sublist algo

subsequence delete any characters

concatenate the nest
arms



LCS natural distance measure on strings

Input X length M string
e g DNA

Y length n string

Output Z largest possible length of common

subsequence Z of X Y

Em algorithms

Y complexity

LLS XY 3

Conclusion they are both lit

Faxtzl
z



Key idea 2 0 DP again

SC C LLS XC i YC
prefixes

2 cases can we match i YC

Case1 No XC FYC
e g algor compl i 5 j S

What is last char of Z

XC YC or neither not both

If not XC plan A Sci DC

If not YC Plan B 5 i C 1



Case 2 Yes XC YG

e.g al compl 1 2 f 5

Now we can make i YC

last character in Z

Plan C I Sci DE D

Summary

Sci C max Sci 1 C no xD

S i C 1 noYC

Runtime S i 1 1

01mn 1 Xi YG



Extension Multiple strings

LCS W X Y longest mutually
Common subsequence

lensths l m n

Same idea

SC j k LCS WE XED YG

Max Sci 1 C k S DGDG

S i G CK1 SCIDEDG

1WC X Yag
Extension Edit distance

How many ops needed to turn X to Y
Ops Insert Delete Substitute



Examplef kitten

Y sitting

3 steps kitten Kittin

sittin sitting

Observation Suppose no substitutions

Optimal edit sequence

Tations Z

Z s
Y

Z Isles
of X Y

Proof 1 Alldeletions from X in optimalmoves

2 Rearrange so alldeletions first

3 X Z Y shortest it Z longest



Goit distance same idea

Allmoves are 1 Deletefrom X

2 Insertfrom Y
3 Substitute X to Y

or sequence can bemadeshorter

SC j Edit distance of XC i YC's

SC C min Sci G 1 I insert YG

SC DC 1 delete i

SC 1 C's 1
sub Xli YG

1 XE YES notnecessary if ear

Runtime Again O mn



tepali icsubstringprtISection4az

Palindrome RACECAR 000 length

cater

TATTARRATTAT even length

Ft x2

Input String X
Output Z largest possible length of

palindromic substring Z of X

Exampte banana
The Z

banana
longestpossible Z



loea 1 DP

To determine whether X.CI j is palindrome

either just check JE itt

S i i S in 1

AND Xi XD
OCR time

Idea 2 or 1 center growing

1 guess center C or C O a

2 grow left right pointersuntil can't o n

0 n

Seems to match DP

Manacher's algo O n
seenotes



Gamethe.org PartISections.I
Consider two player win lose game

Alice v5 Bob E g Tic tac toe chess

Move 1 Alice

Move 2 Bob

Move K game over Alicewins

GamegraphG potentially huge

Vertices game states
promins in practice

x

Y
x path to testate



Terminal state vertex where game is over

1 Alice wins

2 Bob wins

3 Tie we'llmostlyignore

Gamemoves directed edges

Q Can Alice always force a win

Intuition

He
forced win

WhateverBob does Alice can win



DP solution label all vertices
True tie
False

Workbackwardsfrom leaves terminal states

nextclass
with ties labelthemFalse

OR SCD Alice plays

S v feosecv.us

AND Sca Bob plays

edge vin

Alice wins if she can moveto another winning state

Bob wins it he can moveto another losing state

So Alice needs all possiblemoves tobe True



Extension Zero sum games

Alice and Bob have scores

end ofgame sum 0

e g win lose score at end is 4Eur

dividing items Vit Un T Splitto A B

score Eari k Epi
K

00
0

after
I

v
fossil

SCU score chase Alice
Vin

max
guaranteed

eopectin SCU score change Bob
store ifdropped U a
in at statev


